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Abstract
This paper studies an instability and acycle of acapital accumu-
lation path which permits adisequilibrium of labor market. We show
that an adaptive expectation plays an essential role for the instabil-
ity which does not recover. This result also explains why two sided
investment properties give rise to aHarrod’s knife edge. In addition,
we show an existence of business cycles by considering agovernment
expenditure as endogenous variable.
1Introduction
There are two traditional conflicting view about the working of amarket
economy. Classical school believes that the economy is by nature well-
behaved and stable, unless disturbances from outside-whether originating
from the external environment or from policy-are injected into the econ-
omy. But Keynesians do not believe in the controllability of the economy
because of their serious view of its ill-behavedness. So they believe the per-
sistency of adisequilibrium of alabor market whereas classical school has a
belief that markets clear at every time unless exogenous shocks occur. One
of the most important difference between the classical school and the Key-
nesians is the way of an expectation about afuture economy. Models of the
classical vintage typically assume that every individual’s assesment of the
future is correct at any moment given his information.
According to the Keynesian view, achange of expectations are likely to occur
rather in an unpredictably way and are potentially major sources of endoge-




context for example, Friedman and Lucas explain avariation of anational
income by aseperation of an expected inflation rate and an actual one and
conclude that only acorrect expectation supports an equilibrium of alabor
market. Grandmont, Azariadis and Guenerie show an existence of cycles
even under aperfect foresight or arational expectation in amonetary econ-
omy.
On the other hand, in aKeynesian context, Harrod considered that acause
of afluctuation of an economy is two sided properties of an inventment.
One side of them is an effect of an investment on demand side, the other
is on asupply side by avariation of acapital stock. If there is an excess
demand, afirm feels capital shortage and increases an investment. Then
the demand increases and the excess demand does not recover. If there is
aexcess supply, the opposite occurs. That is aso called “Harrod’s Knife
Edge”. NikaidO$(1975, 1980)$ and Yosida(1999), for example, describes the
above manner and specialize afirm’s investment behavior. 1 But these are
ambiguous on the reason why the firm behaves such away.
In this paper, we show an occurrence of the “Harrodian” instability which
means that disequilibriums of markets persist essentially depends upon a
difficulty of acorrect expectation of afuture total demand. There are few
literatures on the Harrodian instability taking account of an expectation.
(except Futagami(1991) and Adachi(2000))We revice Adachi’s model and
make clear arelationship of an adaptive expectation and ainstability. In ad-
dition, we study business cycles by considering agovernment expenditure as
an endogenous variable. For this purpose, we use the Hopf bifurcation the0-
rem which shows sufficient conditions for the existence of nontrivial periodic
solutions.
2The Model
We consider arepresentative firm which produces asingle good, workers(consumers,
capital stock-holders) and agovernment.
1In NikaidO(1980),
$( \frac{j}{K})=\phi(\frac{I}{K}-\frac{sF(K,L)}{K})$
$I,$ $K,$ $L,$ $s,$ $F$ are intended investment, capital stock, population, rate of saving, Pro-
duction function respectively. $\phi$ is asigne preserving function and .is atime derivative
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2.1 The Firm’s behavior
2.1.1 The determination of capital stock
assumptionl.
The production function $F(K, N)$ is in $C^{2}(R_{+}^{2}, R_{+})$ and homogenous of de-
gree one. $f’(x)>0$ , $f”(x)<0$ where $f(x) \equiv F(1, \frac{N}{K})(x\equiv\frac{N}{K})K$ and $N$ are
acapital stock and alabor.
Let $\mathrm{Y}^{e}$ be alevel of demand long term ahead which arepresentative firm
predicts. Let (w, $r^{e}$ ) be afactor price vector which the firm forcasts. Let
$x^{e}= \frac{N}{K}(w^{e}/r^{e})$ be an optimal factor employment which satisfies $f’(x^{e})=w^{e}$ ,
$f(x^{e})-x^{e}f’(x^{e})=r^{e}$ . Because the production function is homogenity of de-
gree one, $x^{e}$ is uniquely determined depending on only $w^{e}/r^{e}$ . Then acapital
stock the firm desired corresponding to $\mathrm{Y}^{e}$ is
$K^{e} \equiv\frac{1}{f(x^{e})}\mathrm{Y}^{e}$ $(f(x^{e}) \equiv F(1, \frac{N}{K}(w^{e}/r^{e})))$ .
We consider the firm’s investment is determined by the follwing.
$\dot{K}\equiv I\equiv\epsilon(K^{e}-K)$
$\epsilon\in(0,1)$ means the term of expectation. $K$ is acurrent capital stock. Let




We consider $\frac{\mathrm{Y}^{e}-\mathrm{Y}}{\mathrm{Y}}$ as an expected rate of demand and put $\frac{\mathrm{Y}^{\mathrm{e}}-\mathrm{Y}}{\mathrm{Y}}\equiv g_{e}$ . We
write
$\frac{I}{K}=i(x,g_{e},x^{e})$
For simplicity we assume that $x^{e}$ is afixed number and put $x^{e}\equiv\overline{x}>0$




2.1.2 The determination of labor
For each time $t$ , arepresentative firm maximize afollowing problem because
a $K_{t}$ is not acontrol variable at $t$ ( $K_{t}$ is determined at $t-\Delta$)
$\max[P_{t}F(K_{t}, N_{t})-W_{t}N_{t}]N_{t}$
Then the aggregate supply function at $t$ is
$AS(K_{t}, W_{t}, P_{t})= \{F(K_{t}, N_{t})\in R | F_{N}(K_{t}, N_{t})=\frac{W_{t}}{P_{t}}\}$
2.2 The demand side
2.2.1 The saving function




where $\mathrm{Y},$ $T,$ $C,$ $G$ are anational income, atax, aconsumption, agovernment
expenditure respectively. We specialize aconsumption function such as
$C=\alpha(\mathrm{Y}-T)+\overline{C}$
Let $\tau>0$ be arate of tax on Y. We write,
$T=\tau \mathrm{Y}$
Then the total saving $S$ is
$S=S_{p}+S_{g}$
$=(\mathrm{Y}-T-C)+(T-G)$
$=(\mathrm{Y}-\tau \mathrm{Y}-\alpha \mathrm{Y}+\alpha\tau \mathrm{Y}-\overline{C})+(\tau \mathrm{Y}-G)$
$=(1-\alpha+\alpha\tau)\mathrm{Y}-(\overline{C}+G)$
Put $a \equiv\frac{\overline{C}+G}{K}$ , then
$\frac{S}{K}=(1-\alpha+\alpha\tau)f(x)-a$
$\equiv s(x, a)$
So the aggregate demand function at $t$ is
$AD(K_{t}, K_{t}^{e}, G_{t})=\{\mathrm{Y}_{t}\in R | \mathrm{Y}_{t}=C(\mathrm{Y}_{t})+I(K_{t}, K_{t}^{e})+G_{t}\}$
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3The Dynamical system
We assume that $W_{t}/P_{t}$ is determined such as $AD(K_{t}, K_{t}^{e}, G_{t})=AS(K_{t},$ $W_{t},$ $P_{t}$ ,
at each time because an adjustment of $P_{t}$ is instantaneous. So at each time,
$i(x, g_{e})=s(x, a)$
To guarantee the above setting, we have to postulate that the adjustment is
stable.
assumpti0n2.
$i_{x}(x, g_{e})\neq s_{\dot{x}}(x,a)$ for all $(x,g_{e},$a) with $i(x, g_{e})=s(x,$a)
Because the equation $i(x,g_{e})=s(x, a)$ is always met, we can apply the
implicit function theorem to $i(x, g_{e})-s(x, a)=0$ about $x$ by assump-
ti0n2. Then there exists locally defined $C^{2}$ function $x(\cdot, \cdot)$ which satisfies
$i(x(a, g_{e}),$ $g_{e})=s(x(a, g_{e}),$ $a)$ . Now let $(K_{t}, G_{t}, g_{e})$ be given. If there is an
excess demand, that is, $s<i,$ $P_{t}$ increases and afirm increases production by
an increase of labor(so $x$) because $W_{t}/P_{t}$ is down. In case of an excess supply,
the opposite occurs. Therefore, we need to assume the inequality $i_{x}<s_{x}$
for the above adjustment process to be stable. But the function $x(a,g_{e})$ is
defined only locally because that is led by the implicit function theorem. So,
there may be multiple equilibria $x$ for agiven $(a, g_{e})$ depending on shapes
of $i$ and $s$ . But in the following, we only consider equilibria which is stable,





We consider adynamical system of $g_{e}$ as follows.
$\dot{g}_{e}=\mu[i(x,g_{e})-i(\overline{x},g_{e})]$
$\mu>0$ is an adjustment parameter. The above system means that if areal
level of demand is higher(resp. lower) than an expected level of demand, an
expected rate of growth $g_{e}$ is up(resp. down).
We first consider the case without agovernment expenditure, especially
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a $=0$ . Aunique solution of $x(0, g_{e})=\overline{x}$ is $g_{e}= \frac{1}{\epsilon}(1-\alpha+\alpha\tau)f(\overline{x})$ . This is a
fixed point of the above dynamical system in case of a $=0$ . We assume the
following inequality so that the product market is stable.
assumpti0n3.
$i_{x}( \overline{x}, \frac{1}{\epsilon}(1-\alpha+\alpha\tau)f(\overline{x}))<s_{x}(\overline{x})$
Theoreml (Harrodian Insability without agovernment expenditure).




Because this is aone dimensional differntial equation, we only check the
derivative of the dynamical system at the fixed point.
$\frac{d\dot{g}_{e}}{dg_{e}}|_{g_{\mathrm{e}}=\frac{1}{\epsilon}(1-\alpha+a\tau)f(ae)}=\mu i_{x}x_{g_{e}}>0$
Then the system is unstable around the fixed point. (Q.E.D)
$\mathrm{R}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{k}:\mathrm{T}\mathrm{h}\mathrm{e}$ conclution of the above theorem essencially depends on two
sided inventment properties and alack of arationality of afirm. If areal
demand is higher than afirm’s expectation, the firm revices his expectation
upward and increases an investment. But this increases an aggregate demand
at the same time, then the seperation of an expected demand and areal
become larger. If areal demand is less than afirm’s expectation, the opposite
will occur. This process leads to an instability of the system.
Next, we consider acase of $a\neq 0$ .
We consider about alabor $\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{k}\mathrm{e}\mathrm{t}.3$ Alabor demand curve $F_{N}(K, N)=$
$\frac{W}{P}$ shifts right if $K$ increases because of $F_{NK}(K, N)(=- \frac{N}{K^{2}}f’’(x))>0$ by
assumption 1. Since $F_{N}(K, N)=f’( \frac{N}{K})$ , if $K$ increases at the rate of $\frac{\dot{K}}{K}$ and
$2\mathrm{L}\mathrm{e}\mathrm{t}x^{*}$ be afixed point of adifferential equation $i=f(x)$ . $x^{*}$ is locally unstable iff
$\exists\delta>0$ Y4( $||$ 4-x’ $||<\delta$) $\exists\overline{t}\geq t_{0}||\phi(t,\xi)$ -c’ $||\geq\delta$ $\forall t\geq\overline{t}$
where $\phi(t, \xi)$ is asolution of $\dot{x}=f(x)$ with ainitial condetion $(t_{0}, \xi)$
$3\mathrm{I}\mathrm{n}$ this model, we only see an excess supply of labor market, that is, areal wage rate
$W_{t}/P_{t}$ is sufficiently high because of ashortage of an aggregate demand. Let acapital
stock be always fully employed. So $F(K,N)$ is produced with $F_{N}(K, N)=W/P$ .
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$N$ also increases at $\frac{\dot{N}}{N}=\frac{\dot{K}}{K},$ $F_{N}(K, N)$ is invariable. Therefore, the labor
demand curve shifts right at the rate of $\frac{\dot{K}}{K}=\frac{\dot{N}}{N}$ If $K$ decreases, the opposite
occurs.
We assume asupply of labor is atotal population. Let $g_{n}>0$ be arate of
population. growth.
Since $\frac{K}{K}=i(x(g_{e}, a),g_{e})$ , we consider the government recoginaizes the
following way. If $(In>i(x(g_{e}, a),g_{e})$ , he thinks an involuntary unemployment
increases, if $g_{n}<i(x(g_{e}, a),$ $g_{e})$ , the opposite will occur. Now we consider a
dynamical system of $G$ .
$\frac{\dot{G}}{\overline{C}+G}=\beta(g_{n}-i(x(g_{e}, a),g_{e}))$





We assume that $g_{n}>0$ is afixed number. $\beta>0$ is an adjustment parameter.
4The existence of Hopf cycles




We put the following assumption for the fixed point of the above dynamical
system to be in an interior of nonnegative orthant.
assumpti0n4
$(1-\alpha+\alpha\tau)f(\overline{x})-\overline{1}+\mathrm{A}\overline{\beta}g_{n}>0$
This assumption is met for sufficiently small $\beta$ .
We write the above dynamical system as
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$(\dot{g}_{e},\dot{a})=H(g_{e}, a, \mu)$






We use amathematical theorem of the following form.
Hopf bifurcation theorem(L0renz[1], Marsden and McCradken[3], Wig-
gins[6] $)$
Let $i=X(x, \mu)$ be in $C^{k}(R^{2}\cross R, R^{2})(k\geq 2)$ . Suppose $X((x_{1}^{*},x_{2}^{*}),$ $\mu)=0$
for all $\mu\in R$ and let $D_{x}X((x_{1}^{*},x_{2}^{*}),$ $\mu)$ have two distinct , complex conju-
gate eigenvalues $z_{\pm}(\mu)=\alpha(\mu)\pm i\beta(\mu)$ such that $\alpha(\mu^{*})=0,$ $\alpha’(\mu^{*})\neq 0$ and
$\beta(\mu^{*})>0$ . Then, there is an $\epsilon>0$ and $C^{k-1}$ function $\mu^{*}:$ $(x_{1}^{*}-\epsilon, x_{1}^{*}+\epsilon)arrow R$
such that $\mu^{*}(x_{1}^{*})=\mu^{*}$ and such that for each $x_{1}\in(x_{1}^{*}, x_{1}^{*}+\epsilon)$ , the point
$(x_{1}, x_{2}^{*})\in R^{2}$ lies on aclosed orbit of $X(\cdot, \mu^{*}(x_{1}))$ with period approximately
$2\pi/\beta(\mu^{*})$ and which contains the origin in its interior.
Theorem 2(The existence of business cycles).
Put $\mu^{*}\equiv a^{0}(1+\beta)x_{a}/x_{g_{\mathrm{e}}}$
There exists an $\epsilon>0$ and a $C^{1}$ function $\mu^{*}:(a^{0}-\epsilon, a^{0}+\epsilon)arrow R$ such that
$\mu^{*}(a^{0})=\mu^{*}$ and such that for each $a_{1}\in(a^{0}, a^{0}+\epsilon)$ , the point $(a_{1},4g_{n}\overline{\epsilon(}\overline{1}+\overline{\beta)})\in$
$R^{2}$ lies on aclosed orbit of $H(\cdot, \cdot, \mu^{*}(a_{1}))$ which contains the $(a^{0\mathit{4}},g_{n}\overline{\epsilon(}1+\overline{\beta)})$ in
its interior.
(proof)
We only have to check following conditions because of the Hopf bifurcation
theorem
$1.H\in C^{2}$ .
Because F is $C^{2}$ function, i and s are $C^{2}$ functions too. By the implicit
function theorem x is $C^{2}$ class. Then H $\in C^{2}$ .
$\mathrm{B}\mathrm{y}\mathrm{d}\overline{\mathrm{e}\mathrm{b}^{1+\overline{\beta)}}}_{\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{f}H,\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{r}}2.H(_{\epsilon}^{E}g_{n}, a^{0},\mu)=0\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{l}$
$\mu\in R$ .
$3.D \mathrm{t}\mathit{9}e’ {}_{a)}H(\frac{\beta}{\epsilon(1+\beta)}g_{n}, a^{0}, \mu)$ has two distinct, complex conjugate eigenvalues
$z(\mu)$ such that ${\rm Re} z(\mu^{*})=0$ and $\frac{dRez(\mu)}{d\mu}|_{\mu=\mu}\cdot\neq 0$ .
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$D_{(g_{e,}}{}_{a)}H(_{\overline{\epsilon}(1+\overline{\beta)}}^{\Delta}g_{n}, a^{0}, \mu)$
$=(_{-a^{0}(1+\beta)(i_{x}x_{g_{\mathrm{e}}}+i_{g_{\mathrm{e}}})}\mu i_{x}x_{\mathit{9}\mathrm{e}}$ $(\beta g_{n}-(1+\beta)i(x(^{\mathit{4}}\overline{\epsilon(}1+\overline{\beta)}g_{n}, a^{0}),\overline{\epsilon(}1+\overline{\beta)}g_{n})-a^{0}(1+\beta)(i_{x}x_{a})\mu i_{x^{X}a_{\mathit{4}}})$
$=(_{-a^{0}(1+\beta)(i_{x}x_{g_{\mathrm{e}}}+\epsilon)}\mu i_{x}x_{\mathit{9}\mathrm{e}}$ $-a^{0}(1+\beta)i_{x}x_{a}\mu i_{x}x_{a)}$
The characteristic equation is
$Q(z)=z^{2}-[\mu i_{x}x_{\mathit{9}\mathrm{e}}-a^{0}(1+\beta)i_{x}x_{a}]z+[\{-a^{0}(1+\beta)\mu(i_{x}x_{\mathit{9}\mathrm{e}}i_{x}x_{a})\}+\{a^{0}(1+$
$\beta)\mu(i_{x}x_{g_{\mathrm{e}}}+\epsilon)i_{x}x_{a}\}]$








So there exists $\delta>0$ such that for all $\mu>0$ with $|\mu-\mu^{*}|<\delta,$ $\Delta(\mu)<0$
Then $z(\mu)$ are two complex conjugate eigenvalues. In addition,
$dRez( \mu)\overline{\overline{d\mu}}|_{\mu=\mu^{\mathrm{r}}}=\frac{1}{2}i_{x}x_{\mathit{9}\mathrm{e}}\neq 0$
So all conditions of the Hopf bifurcation theorem are satisfied. Therefore the
proof is complete. $(\mathrm{Q}.\mathrm{E}.\mathrm{D})$
We showed the existence of cycles of $(g_{e},$a) by the0rem2, then the following
is clear.
Corollary.
Areal rate of capital accumuration $\frac{\dot{K}}{K}=i(x(g_{e}, a),g_{e})$ has cycles for each
$\mu$ which is sufficiently close to $\mu^{*}\equiv a^{0}(1+\beta)x_{a}/x_{g_{\mathrm{e}}}$ and for some initial
condition.
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